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Backstepping 
Khalil (Sec. 14.3), Sastry (Sec. 6.8) 
Suppose a stabilizing feedback u = a(X), «(0) = 0, is available for: 


X = F(X)+G(X)u XER",uweER, F(0) =0, 
along with a Lyapunov function V such that 


ov 
ox 


Can we modify «(X) to stabilize the augmented system below? 


(F(X) ct G(X)a(X)) < —W(X) <0 VX 40. 


X = F(X) +G(X)x 


Define the error variable | z = x — «(X) | and change variables: 


(X,x) — (X,z): 


where a(X,z) = 2 (F(X) 4 CC) 0(X) +4 G(X)z). Take the new 
Lyapunov function: 


V.062) = V(x) a 
Ve ov (F(X) + G(X)a(X)) SRO? + z(u — &) 
< -W(X) =2(u-a+ Vex) 
Let: |u = & — oY .G(X) kz, k>O. 


Then, V; < —W(X) —kz? = (X,z) = 0is asymptotically stable. 


Example 1: %1= ot + x9 
Xo =U. 
Treat x2 as “virtual” control input for the x1-subsystem: 
a(x,) = —kyxy — rel ky >0 


1 
Vi (x1) = st 
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Apply backstepping: 


Zp = XQ — W(X) = XQ +hky xy + x2 


Z2=u-u 


ay ee ee ky > 0 
0x1 


= (ky +2x)(xp+%)-— x1 ko (x2 + kyx1 + x4). 
e————_._ >_<“ “SZ e—_S_ << 


= = OV; = 22 
~ 0x1 


e Above we discussed backstepping over a pure integrator. The main 
idea generalizes trivially to: 


X = F(X) +G(X)x 
x = f(X,x) + 9(X,x)u 


where X € IR", x € R, and g(X,x) £0 for all (X,x) € R™1. 
With the preliminary feedback 
1 
u= ———~(-f(X,x) +0 (2) 
aKa SX) +9) 


the x-subsystem becomes a pure integrator: x = v. Substituting the 
backstepping control law from above: 


=p Ay 
v=a xx C(X) kz, z=x-—«a(X), k>0 
into (2), we get: 
1 . ov 
=e) Gite + & ax C(X) kz) : 
e Backstepping can be applied recursively to systems of the form:? 2 Systems of this form are called “strict 


feedback systems.” 
%1 = fi(x1) + 81(%1) x2 
Xo = fo(x1,xX2) + 82(x1,%2)x3 


x3 = f3(X1, x2, x3) + 93(x1, X2, x3) Xq (3) 


Xn = fn(x) + n(x)u 


where gj(x1,...,%;) #0 for all x € R",i=1,2,---,n. 


Example 2: Xy = (xx ‘thx? + (x1X2 4 xe 1)x, 
X2 = X3 (4) 


x3 =U. 
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Not in strict feedback form because x3 appears too soon. In fact, 
this system is not globally stabilizable because the set x1x2 > 2 is 
positively invariant regardless of u: 


A 
x2 


>X1 


To see this, note that 


n(x) - f (x,4) = [(xixe —1)x} + (exo + x8 —1)x1] x2 + x91 


= (¥# (1 38)x1) x2 +3301 


= (<3 (1 3) X1X2 +.X3X1 


= Qxf + 2(1 + x9) + x34 


= 2xf +.13x} + 2x2 +2>0. 
——— 


>0 


e The condition gj(x1,...,x;) #0 in (3) can be relaxed in some cases: 


Example 3: y= x3xy 
(5) 
x2=Uu 

Treat x2 as virtual control and let | «1(x1) = —x, | which stabilizes the 


x,-subsystem, as verified with Lyapunov function V(x) = 5x7. 


Then z2 = x2 — a1 (x1) satisfies 22 = u — 1, and 
OV. 


1,9 
aa —koz = x2x9 Ba kp(x2 + x1) 


u= hy —- 
achieves global asymptotic stability: 


1 1 
Vel to, = Vea =e. 
2 2 
Note that we can’t conclude exponential stability due to the quartic 
term xj above (recall the Lyapunov sufficient condition for expo- 


nential stability in Lecture 11, p.2). In fact, the linearization of the 
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closed-loop system proves the lack of exponential stability: 


0 O 
> Ayo =0,—-ky. 
le ‘| 1,2 2 


Design example: Active suspension Krstié et al., Nonlinear and Adaptive 
Control Design, Section 2.2.2. 


Myxs = 


Xa) 


| 
ton 
a 
— 
R 
an 
R 
a 
— 
ie) 
a 
— 
a3 
n 


ta=—Q A: effective piston surface 


Flow: Q = —cyQ+kyu u: current applied to the 


solenoid valve (control input) 


Define state variables: x, = xs, X29 = Xs, X3 = Xa, X4 = Q: 


xX, = X2 
Sea, ka Ca 1 
alae Te (x1 — x3) UM, (x2 — 4x4) 
x : x 
3 = A 4 


X4= —CfX4 + ku. 


This system is not in strict feedback form due to the x4 term in x2. To 
overcome this problem define: 


x3 4 Ka x34 rd x 
aM, MA 
2x5 
and change variables to (x1, %2, X3,¢): 
x1 = X2 
x2 = Ka x 8 ey +k 
2 Mp jl Mp 27 43 
. ka - Calf Cak 
= WMA) WGA 
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Two steps of backstepping starting with the virtual control law: The stiff nonlinearity k,x} prevents 
large excursions of x}. 


XY (x1) = —-C1XxX1 = ikyx? 


will stabilize the (x1, x2,%3) subsystem. Full (x1, x2,%3,¢) system: 


(X1,X2, ¥3) 


subsystem 


The ¢-subsystem is an asymptotically stable linear system driven by 
X3; therefore the full system is stabilized. 


